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Description of the topic:
Multivariate topological data analysis for statistical machine learning
Context
The huge democratization of machine learning and data science over the last years has
permitted an unprecedented, open source access to a wide range of data sets coming
from almost all fields of science and industry. However, many difficulties remain as it
is very frequent that these data sets actually lie close to some hidden, lowerdimensional geometric structures such as manifolds. Hence, it has become critical to
be able to efficiently unravel those intrinsic, geometric structures, which, if not
detected or properly taken into account, can dramatically impede statistical machine
learning models to perform well due to various reasons, the most famous of which
being the so-called curse of dimensionality. There exists a large range of methods for
taking geometric structures into account when doing data analysis (clustering, nonlinear dimensionality reduction, manifold learning, etc.) but they remain limited by the

strong assumptions they usually require and their lack of ability to detect intrinsic
properties more complicated than mere connectivity. On the other hand, Topological
Data Analysis (TDA) [1, 2, 13] has gained a lot of attention in the last years, due to its
wide applicability, its compact descriptors encoding the space’s topological features
with nice guarantees, and its methods for including these descriptors in further data
analysis tasks. This led to drastic improvement, both theoretically and practically
speaking, for a wide range of data science problems.
The main descriptors of TDA are computed by inferring the topological features of a
space (connectivity, loops, cavities, etc.) from the variations of a scalar-valued
continuous function called filter. This means that the topological features detected by
TDA heavily depend on the filter function, which is usually chosen a priori. In particular,
all features on which the filter is constant are actually missed, and fail to be recovered.
Hence, TDA descriptors can be very uninformative if the filter function is chosen
poorly. In order to cope with this issue, generalizations of such descriptors to
multivariate filters, i.e., continuous filters that output several values instead of just
one, has become one of the most active fields of TDA, and has already been able to
propose several richer and more powerful descriptors [3, 4]. However, many steps are
missing: as of today, there is no clear set of algorithms, theoretical guarantees, and
statistical frameworks for multivariate TDA descriptors. This dramatically prevents
multivariate TDA to be widely used in data science, despite the powerful and relevant
topological features that it can detect.
An example application domain where multivariate TDA is critically needed is
computational biology. Indeed, it is very often the case that several continuous,
biological phenomenon happen at the same time, and create geometric and
topological features inside data sets: for instance, data sets of single cells in genomics
are often subject to batch effects (which create connected components), cell
differentiation (which create branches) and cell cycle (which create loops), among
other phenomenona. See for instance [5, 6]. In these data sets, using scalar filters is
not enough in order to jointly capture all of these phenomena at once, and multivariate
TDA already appeared as a potential candidate to succesfully retrieve those biological,
geometric properties.
Goals and expected work:
The goal of this PhD is to develop a mathematically grounded set of methods for
defining, computing and using multivariate topological descriptors for statistical
machine learning, with applications in computational biology. This work will be
organized in two parts, corresponding to the two main methods for computing
topological features in TDA: topological persistence, and Mapper.
1. Multivariate topological persistence and machine learning. In this first axis, the
candidate will work on building new descriptors based on topological persistence. The
current descriptor, called the persistence diagram, encodes the topological variations
of a scalar filter in a set of points in the Euclidean plane [1]. It enjoys statistical
guarantees and several linearization methods for data science [7, 8, 9]. The goal of this

axis is to build on recent theoretical results about multivariate topology [10, 11] to
come up with new descriptors that enjoy similar theoretical guarantees, and to
develop methods for using these new descriptors in machine learning tasks. An
emphasis will be put on quantitative immunofluorescence data sets, which are
comprised of point clouds with multivariate filters, each point cloud representing
individual cells, and each multivariate filter representing the cell type confidences. As
a first step, the candidate will build on recent works that showcased the usefulness of
topological approaches for this particular application [5, 11].
2. Multivariate Mapper and statistical data analysis. In this second axis, the candidate
will work on Mapper graphs and complexes [4], which are the main data visualization
tools of TDA, and which suffer from the same limitations than topological persistence
since they are computed from scalar filters. More precisely, the main issue that
currently prevents multivariate Mappers to be widely used in data science is their lack
of statistical robustness. Starting with recent preliminary works [12], the candidate will
work on developing a statistical framework for assessing stability of multivariate
Mapper graphs and complexes. He will also focus on applying its results to data sets
from genomics, in which it has already been shown that the Mapper visualization tool
was useful for detecting biological events, such as continuous differentiation from
stem cells to given cell types [6].
Requested experience
A good mathematical background and some knowledge in computational
geometry/topology and/or statistical learning.
-

Some notions of C/C++ or Python would also be welcome.

Related projects
The PhD student will be a member of the DataShape team at Inria Sophia Antipolis,
which primarily works on geometric inference, TDA and their statistical and algorithmic
aspects.
Most of the data sets will be generated and studied with Columbia University teams
based in New-York, in collaboration with Raul Rabadan, Rami Vanguri and Andrew
Blumberg. Moreover, the PhD work and results will potentially be included in the
group’s main open-source library Gudhi (https://gudhi.inria.fr/).
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